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We consider the parabolic chemotaxis model 

fut = Au-xV-(aVw) 

[ vt = Ac — v + u 

in a smooth, bounded, convex two-dimensional domain and show global existence and bound¬ 
edness of solutions for % £ (0,xo) for some \o > 1) thereby proving that the value x = 1 is 
not critical in this regard. 

Our main tool is consideration of the energy functional 

JP a ,b{u, v) = / zilnzz — a / ulnv + b |V\/u| 2 

for a > 0, b > 0, where using nonzero values of b appears to be new in this context. 
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1 Introduction 

Numerous phenomena in connection with spontaneous aggregation can be described by PDE models 
incorporating a cross-diffusion mechanism. A prototypical example, which lies at the core of models 
used for a variety of purposes and to so different aims as the description pattern formation of bacteria 
or slime mold in biology El or the prediction of burglary in criminology DU. is the following variant of 
the Keller-Segel system of chemotaxis: 


ut =A u — V • (u S(v) Vu) 

Vt =Av — v + u (1) 

d v u\do, =d v v\on = 0 
it(-,0) = u 0 , t>(-,0) = vq 

in a bounded domain C K n with smooth boundary, with given nonnegative initial data uq,vo- We 
shall be concerned with the case of the singular sensitivity function S given by 

S(v) = % (2) 
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for a constant x > 0, which is in compliance with the Weber-Fechner law of stimulus perception (see 

USD- 

One of the first questions of mathematical interest with respect to this model is that of existence of a 
global classical solution, as opposed to blow-up of solutions in finite time. For the vast mathematical 
literature on chemotaxis, a large part of which is concerned with this question, see one of the survey 
articles 0 eb m n and references therein. 

According to the standard reasoning in the realm of chemotaxis equations (as e.g. formulated in P) , in 
order to obtain global existence of classical solutions, for the two-dimensional case considered here, it is 
sufficient to derive t-independent bounds on the quantities u(t) lnu(t) and j |Vu(t)| 2 . 

To achieve this in the particular context of it has proven useful to consider the expression 

/ u\nu — a ulnv, (3) 

Jn J n 

as it has been done by Nagai, Senba, Yoshida m or Biler 0. In these works, global existence of solutions 
has been derived for x < 1- 

In the present article we shall answer the question whether x = 1 is a critical value in this regard in 
the negative. This question had been left open in m, where the above-mentioned results have been 
generalized to higher dimension n, then obtaining existence in the case x < \J 2/n. 

Let us mention some more results concerning equation ©: That the classical solutions for x < -\/2/n 
are global-in-time bounded has been shown in 0. In 0T] also weak solutions have been shown to exist 

for ®, as long as \ ■ 1 11 the radially symmetric setting, moreover, certain global weak “power- 

A-solutions” exist am). 

Related parabolic-elliptic chemotaxis models are investigated, e.g. in 0, where the presence of terms 
describing logistic growth is used to ensure global existence and boundedness of classical solutions. In 
[5] global existence and boundedness of classical solutions to the parabolic-elliptic counterpart of ([!]) 
are obtained for even more singular sensitivities of the form 0 < i5(t>) < fe > 1, under a smallness 
condition on x> which for k = 1 and n = 2 amounts to x < 1- 

Also concerning classical solutions of the fully parabolic system JT|), to the best of our knowledge, the 
assertions for x < 1 are the best known so far. 

Since the new possible values for \ are but slightly larger than 1, rather than these values it is the 
method that can be considered the new contribution of the present article: Key to our approach toward 
the expansion of the interval of values for \ known to yield global solutions, namely, shall be the 
employment of an additional summand 

b J |Vv ^| 2 

in (0). Functionals containing this term have successfully been used in the context of coupled chemotaxis- 
fluid systems (see ED) or of chemotaxis models with consumption of the chemoattractant [T8] (e.g. 
obtained from the aforementioned system upon neglection of the fluid). 

In the end we will arrive at the following 

Theorem 1.1. Let LI C M 2 be a convex bounded domain with smooth boundary. Let 0 < uq G 

uq ^ 0, 0 < Vo € U 9 >2 W l ' q {Lt). Then there exists xo > 1 such that for any x € (0,xo) the system |1|) 

has a global classical solution, which is bounded. 

The plan of the paper is as follows: In the next section we will discuss local existence of and an ex¬ 
tensibility criterion for solutions to Q. Section 0 provides identities and estimates that will facilitate 
the usage of the additional term at the center of the proof of Theorem 11.11 to which Section 0 will be 
devoted. 


2 How to ensure global existence 

A general existence theorem for chemotaxis models is the following, taken from [Tj: 
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Theorem 2.1. Let n > 1 and 11 C R n be a bounded domain with smooth boundary and let q > n. For 
some io £ (0,1) let S £ C^ U (Q x [0, oo) x R 2 ), / £ C' 1_ (H x [0, oo) x R 2 ) and g £ x [0, oo) x R 2 ), 

and assume that f(x, t, 0, v) > 0 for all ( x , t,v) £ Ll x [0, oo) 2 and that g(x, t , u, 0) > 0 for any (x, t, u ) £ 
SI x [0, oo) 2 . Then for all nonnegative uo £ C°(Q) and Vq £ W 1,q (Tl) there exist T max £ (0,oo] and a 
uniquely determined pair of nonnegative functions 

u £C°(n X [o, T max )) n c 2,1 (n x (0 ,T max )), (4) 

V £C°(n x [0,T max )) n c 2 ' 1 ^ x (0,T max )) n L£ c ([0,T roox ); W^iQ)), 

such that ( u , v) solves 


ut =A u — V • ( uS(x , t, u, v)Vv) + f(x, t, u, v), (5) 

v t =Av - v + g(x, t, u, v), 

0 =d v u\on = d v v\on, 

m(-,0) = u o ,v(-,0) = v 0 


classically in fl x (0 ,T max ) and such that 

ifT max < oo, then \\u(-,t)\\ Lao ^ + \\v{-,t)\\ wl , q ^ ^ oo as t Z 1 T max . (6) 

Proof. A Banach-type fixed point argument provides existence of mild solutions on a short time interval 
whose length T depends on ||uo|lvyi. 9 - Standard bootstrapping arguments ensure the regularity 

properties listed above. It follows from the dependence of T on the norms of uq and vo that the solution 
can be extended to T max £ (0,oo] satisfying (0, see [T] Lemma 4.1]. □ 

This theorem is not directly applicable to JT]), because it does not cover the case of singular functions S. 
We will remove this obstruction via use of the following lemma, which is a generalization of Lemma 2.2 

of El- 

Lemma 2.2. Let the conditions of Theorem \2.1\ be satisfied and let Q >0. 

Then there is g = g(uo, vq, C) > 0 such that if vq and the solution ( u,v ) to J5]) satisfy 


inf vq > 0 and inf / g(x, s, u(x, s), v(x, s))dx > 

se[o,T max ) J n 

the second component of the solution also fulfils 

v(x,t) > g for all (x,t) £ O x [0,T mox ). 

Proof. Let us fix r = t(u o, Vo) > 0 such that 

Employing the pointwise estimate 

(e tA w)(x) > - — —e~*t [ w 
v A " (4 t rf)5 ,/n 

for the Neumann heat semigroup e tA with d = diarn 12, as provided in [U Lemma 2.2] following [5] 
Lemma 3.1], we can then conclude that 


for all t £ [0, t]. 


for nonnegative w £ C°(fl) 


v(-,t) =e t(A 1} n 0 + [ e {t s)(A 1] g(-,s,u(-,s),v(-,s))ds 
Jo 

[ , 1 f g(-,s,u(-,s),v(-,s))ds 

/o (4?r (t - s)) 2 J n 


> 


> 


(47t r) : 


-e ( r+ir ' > dr inf / g(x, s,u(x, s),v(x, s))dx 
se[o,t]J Q 
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>C f 1 -rrre ( - r+ )dr in fl 

Jo ( 47 rr )2 

for any t £ [r, T max ). With 77 = min{ lnf ^ v ° , ( dr} this proves the claim. □ 

With this lemma we can weaken the assumptions on the sensitivity S so as to allow for a singularity at 
v = 0 . 

Theorem 2.3. i) Let S € ^(fix [0, oo) xRx (0, oo)) for some io € (0,1) and apart from the condition 
on S let the assumptions of Theorem \2.1\ be satisfied. 

Additionally, assume that f is nonnegative and g{x,t,u,v ) > cu for some c > 0 and any (x,t,u,v) £ 
x [0, oo) x R 2 and that info vo > 0 and f n uq =: m > 0. Then there is T max > 0 such that (JT]) has a 
unique solution ( u , v) as in 0 and such that © holds. 

ii) Furthermore, if there are I\\, K 2 > 0 such that f{x , t , u, v ) < K± and g(x, t, u, v) < ^ 2(1 + u) for all 

(x,t,u,v) £ fl x ( 0 ,oo) , and for every 77 > 0 , IS) is bounded on Q x ( 0 , oo ) 2 x ( 77 , 00 ), and if n = 2 and 

there is M > 0 such that 

/ u(-,t) In< M, and / \Vv(-,t)\ 2 < M for all t £ [0, T max ) (7) 

Jn J n 

then (u, v ) is global and bounded. 

Proof, i) Let 77 := 77 ( 770 , i’o, cm) be as in Lemma l2.21 Let (): K —> [0,1] be a smooth, monotone decreasing 
function with C(^) = ^ an< ^ C(v) = 0- Define 

(x, t,u,v) £ x [ 0 , 00 ) x R x (— 00 , ^), 

0(v))S(x, t , u, v), ( x , t,u,v) £ x [0, 00 ) x R x [^, 00 ). 

Then S^ £ (O x |0,oo) x R 2 ) and S and S v agree for v > 77 . Let us denote by problem 

® with S replaced by S^. Then we can apply Theorem 12.11 to and obtain a solution (u,v) with 
the required properties ® and ©. Nonnegativity of / and integration of the first equation of 
entail that J n u(t) > m for all t £ [0 ,T max ) and accordingly f n g(x, t, u(x, t), v(x, t))dx > cm > 0 for all 
t £ [0, T max ). Therefore, by Lemma T2.21 v > 77 and hence (u,v) solves © as well. 

In order to carry over the uniqueness statement from Theorem [5j we ensure that any solution of © also 
solves ©, ; in fl x [0,T mox ): Let v be a solution of ©. Let e £ (0, §) and define to = inf{t : info v{t) < 
e} £ (0,oo|. Then (u,v) solves © 7J in (0,to)- Assume to < 00 . Then by Lemma l2.2l and continuity of v, 
v(x, to) > 77 > e = info v(-,t) for all x £ fl, a contradiction. 

ii) Since ( u , v) is a solution of ©„, we can apply [T[ Lemma 4.3], which turns © into a uniform- 
in-time bound on ||u(-,£)|| LO o(o) + ||w(-,£)|| W r i , 9 (fj), thus asserting global existence by means of © and 
boundedness. □ 

Remark 2.4. Throughout the remaining part of the article, we will assume that fl C R 2 is a bounded, 
smooth domain, that 0 < uq £ C°(Q), q > 2 and vq £ W 1,q (fl), info vq > 0 and f n uo =: m > 0. 

Then, in particular, Theorem \2.3\ is applicable to ©■ Furthermore, any solution (u, v) of 0 satisfies 


S(x,t,u, f) 

C (v)S{x,t,u, f) + (1 - 


/ u(t) = to for all t £ [0,T max ). (8) 

Jn 

For the purpose of using it in the next proof, let us recall the well-known Gagliardo-Nirenberg inequality: 

Lemma 2.5. Let f l C R" be a bounded smooth domain. Let j > 0, k > 0 be integers and p,q,r,s > 1. 
There are constants ci, C 2 >0 such that for any function w £ L q (Q) D L s (Ll) with D k w £ L r (Ti), 

||D J 7 c|| p < ci ||D fe u;||“ ||w||^“ + c 2 ||w|| s , 
whenever - = J- + (-~—)a + —- and f < a < 1 . 

p n \r nJ q k — 

Proof. Cf. P® p. 126] □ 
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Lemma 2.6. Let ( u,v ) be a solution to ©, let t = min{l, Trr ^ ax } , and assume there exists C > 0 such 
that 


t+T 


|Vu | 5 


< C for any t £ (0, T max - r) 


J n 


u 


and that 


/ u(t) In u(t) < C for any t £ (0 ,T max ) 


J n 

Then T max = oo and ( u , v) is bounded. 

Proof. Let a, c-i > 0 be the constants yielded by Lemma [2751 for j = 0, k = 
with to from ©, 


1, q = 2, r = 2, a = Then 



holds for any t £ (0, T max - r). 

Multiplying the second equation of © by — Av and integrating, from Young’s inequality we obtain 

[ |Vv(t )| 2 < [ |Vu 0 | 2 - [ [ l A H 2 - / / |V «| 2 + i [ [ u 2 + ^ [ [ |Au| 2 on (0,T max ), 

Jn Jn j o Jn Jo Jn z Jo Jn z jo Jn 

that is, y(t) := f Q | Vu(f )| 2 satisfies the differential inequality y' + y < f on [0, T max ), where / = \ / n u 2 
satisfies J* +T |/(s)|<is < C for all t £ (0 ,T max — r) and with some constant C > 0. Let 2 be a solution 
to z r + z = f, z(0) = zq = Jp |Vwo | 2 and observe that the variation-of-constants formula entails 


z(t) - e *z 0 



s)ds < 


U/tJ-i r (k+i) T 

E / e“'l/(* 

fc =0 JkT 


s)|ds 


-Lt/rJ 


e~V(t 


Li/rJ-i 

< ^ e~ kT C + C<C 

k—0 



1 


1 - e~ T 


for t £ (0, T max ), 


s)|ds 


so that an ODE comparison yields boundedness of y = |Vu(t)| 2 . 

Together with the second assumption, the bound on fp u In u, this is sufficient to conclude global existence 
and boundedness of solutions by Theorem 12.31 ii). □ 


3 Some useful general estimates and identities 

Lemma 3.1. Let Q be convex and let w £ C 2 (Ll) satisfy d v w\gn = 0. Then for all x £ dLl also 
d„\Vw(x)\ 2 < 0 . 

Proof. This is Lemine 2.1.1 of |l3| . □ 

Lemma 3.2. For all positive w £ C 2 (Q) satisfying d u w\gn = 0 

Jn Jn w Jn w Jn w 

Proof. This proof is also contained in the proof of E3 Lemma 3.2]. The equality rests on the pointwise 
identity 


ui|D 2 lnuil 2 = w ( —^-|Vu ;| 2 + — D 2 u;^ 
\ w z w J 


|Vw ] 4 

w 3 


-|D 2 w | 2 - ^-VlVrcl 2 • Vw 
w w z 
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and integration by parts in the last term giving 


- I -^V|Vw | 2 • Vw = / -^ 5 -1Vu;| 2 Aw - 2 




w* 


|Vw | 4 


w° 


□ 


Lemma 3.3. Let w £ C 2 (Q) be positive and satisfy d„w\gn = 0. Then 

- [ I |am|2 = t I |c v-? f |V ”' |2A '" ' 1 1 |v " 14 1 1 


1 


In ™ 


In ™ 


w 


2 Jn ™ 3 


2 Jd n ™ 


-d„\Vw\' 


Proof This results from [2T] Lemma 3.1] upon the choice of h(w) = A. The proof can be found in [21 
Lemma 2.3]. □ 

Lemma 3.4. (i) For all positive w £ C 2 (ft) satisfying d^w^o, = 0, 

— / — |Aw| 2 = — / w|U 2 lnw| 2 —i / -At|Vw| 2 Aw+^ / — <9^|Vzr;| 2 . 

Jn™ Jn 2 J n w 2 ' 1 2 J gn w 1 

(ii) If furthermore fl is convex, then 

— / — |Aw| 2 < — [ will 2 lnw| 2 — - [ ^tt|Vw| 2 Aw. 

Jn™ Jn 2 J n w z 


in ™ Jn * Jn 

Proof This is a direct consequence of the previous three lemmata. 


□ 


Lemma 3.5. There is cq > 0 such that for all positive w £ C 2 (Ll) fulfilling d v w\gn = 0 the following 
estimate holds: 


w\D 2 In w | 2 > cq 


|Vi 


Jn Jn ™° 

Proof. An even more general version of this lemma and its proof can be found in PH Lemma 3.3]. □ 

Remark 3.6. As can be seen from the referenced lemma, the constant in the above statement can be 
chosen to be 


( 2 +\/ 2)2 • 

4 The energy functional. Proof of Theorem 11.11 

In this section let us investigate the energy functional defined by 

F a ,b{u{f),v(t)) = [ u(t)lnu(t) - a f u(t) lnn(t) + b f |V \/v{t)\ 2 , t£[0,T max ), (9) 

J Q Jq J q, 

for nonnegative parameters a,b. 

If we want to gain useful information from this functional, the upper bounds on its derivative that we 
will derive, should be accompanied by bounds for T a ,b from below. In order to ensure those, let us first 
provide the following estimate for solutions of ©• 

Lemma 4.1. Let (u,v) be a solution to ©. For any p > 0 there is C p > 0 such that 


[ v p (t ) < C p for any t £ [0, T max ). 
Jn 


Proof Since t K > ||u(i)llii(n) constant by (]%Jl. for p > 1 this is a consequence of Duhamel’s formula 
for the solution of the second equation of m and estimates for the Neumann heat semigroup, which can 
e.g. be found in m Lemma 1.3]: They provide C > 0 such that for all t £ (0 ,T max ), 


mu 


< 

e^ A 

+ r 



LP(n) J 0 


< III 


lp( n) 


+ 


+ f S ^ A 1 ' > (u(s) — m) 

Jo 

(C(l + (t 


m ) 

+ 



LP(ft) 



|”f I 1 —^)) e —(*—«) 


IWs)-Hlii(fi) +e ( S> m\ll\p)ds. 


Lp(n) 

— ( t—s 


ds 


The case p £ (0,1) then follows from v p < 1 + v. 


□ 
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The following lemma gives bounds from below as well as means to turn boundedness of F a ,b{u,v) into 
boundedness of J sj u In u. 

Lemma 4.2. Let a, b > 0. For any solution (u,v) of 0, there is 7 € M. such that 


F a ,b{u,v) > ^ / ulnu - 7 on (0, T max ). 
2 Jn 


Proof. Denoting m = J n u(t) as in @, we have 


« 2 


F a b(u, v) > — / ulnu-b / uln— = — / ulnit + 
2 Jn Jn v a 2 J n 


, v \ u 

-In— —, 

112/ TO 


similar as in the proof of [21 Thm. 3]. Hence, following an idea from the proof of [151 Lemma 3.3] in 
applying Jensen’s inequality with the probability measure — dX and the convex function — In, we obtain 


^ [ a In a — to In 

2 Jn 


>— / u In u — to In 

2 Jn 


/ V «2 

n rn 

'ML 


v 2a / u 


1 f . TO TO 

>- / ulnu + — In to - — lnC 2a 

2 Jn 2 z 

after applying Holder’s inequality and with C 2 a as in 14. II 

Lemma 4.3. Let a, b > 0. For any solution (u,v) of m, 

i) FafriUiV) is bounded below. 

ii) //sup te[0iTmoa;) F a<b (u(t),v{t)) < 00 then sup te[0Tmax) f n u(t)lnu(t) < 00 . 


□ 


□ 


Proof. Both statements are immediate consequences of Lemma 14.21 
Lemma rrn as well enables us to control the first two summands of F a ^{u,v) from above by C M~. 
Lemma 4.4. Let (u, v) be a solution to 0 and let a > 0. Then for any 8 > 0 there is eg > 0 such that 

/ ulna —a / ulnw<<5 /- 1 - eg on[0,T max ). 

Jn Jn Jn v 

Proof. Given a > 0 let e £ (0,1) be so small that 1 +^~^ ae > 0. There is C e > 0 such that for any x > 0 
we have In 2 ; < C e x e . Therefore for any <5 > 0 Young’s inequality and Lemma f l. 1 1 provide Cg > 0 and 
eg > 0 satisfying 


Tn u — a / u In v = / a In — < C F 


In 


Jn v u 
f u 2 

<8 /-b Cg. 

Jn v 


f U ^ .. A , 1 " l + £ v 2 ... f , l+ £ ~ 2a£ . 2 

/ -< 8 / (u 1+ v 2 ) 1+e + Cg / (v 2 ) 1=5 

Jn v<ie Jn Jn 


□ 


With these preparations, we turn to the time derivative of F a .b{u,v), beginning with the already inves¬ 
tigated first part: 

Lemma 4.5. For any a > 0 and any solution (u,v) of 0, 


d _ , W . N f |Vu | 2 f X7u-\7v f it|Vr>| 


,:^,o(«,»)(f)=- / --b(x + 2a) 

at Jn u 


In v 


- a(x + !) 


In v 


+ a u — a 


/ - 

In v 


holds on (0 ,T max ). 
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Proof. Using the first equation of © in win it — a ulnu) and integrating by parts we obtain: 


d t 


— ( / u In u — a / u In v ) = I u t In u + / ut — a ut In u — a / — vt 


In v 


I Yji (v„ _ *2 V „) + a J V (v» - x 2v„) - a jf H (A» - » + «) 

u|Vu| 2 


f Vm 2 f Vu • Vi) 

/ J - L + X / -+ a 

/n « dn v 


f Vu•Vu 

/n v 


f Vu•Vu 

/n v 

Vti-Vt; 


— a 


r u|Vu| 

In 


ax 

2 


+ a u — a 


In v 


□ 


Since we do not know the sign of f n Vu ^ Vv and, in this situation, cannot control f Q , we are left 

with Young’s inequality, hoping that the resulting coefficient ( x+2t d -a(x + 1) of J D turns out 

to be negative. This can be achieved if x < 1- 

However, it becomes possible to cope with larger parameters if J ^ 14 ^ can be controlled, e.g. by having 

control over f Q and j Q The second term already being in place, fortunately, the first is one of 
the terms arising from the following: 


Lemma 4.6. Let f 1 be convex. For any solution ( u,v ) of ©, 


d t 


IV^I 2 < - 2c 0 


/' JVtf 

In v 3 


f jVif 
In v 


Vu • Vu 


|Vu| 2 u 


In v 


In v* 


( 10 ) 


holds on (0 ,T max ), where Co is the constant provided by Lem,m,a, \H.5\ 
Proof. From the second equation of ©, we obtain 


d t 


4 37 IV^I 2 


| Vi 


2Vu • Vu* 


d t ,/n v 
2Vu • VAu 


2|Vr 


In v 


+ 


/' |v«l 2 u 

In v2 

f 2Vu • Vu f |Vu| 2 Au 


/n 


/n 


[ IVup 

In v 2 


|Vi 


In 


Integration by parts in the first integral and merging the second and second to last summand lead us to 


4 ^( / lv^l 2 )=-2 


I At 


|Vu| 2 Au 


|Vu| 2 /■ Vu • Vu 


|Vu| 2 t 


In v j n v 7n v J u v J n v* 

By Lemma 13.41 and due to the convexity of U we can transform the first summand according to 

r |Au| 2 


( 11 ) 


-2 


< -2 


In v 


[ u|Z? 2 lnu| 2 — / "~r|Vul 2 Au, 
Jn Jn v 


making the second term in the right hand side of CD vanish: 


4 s(/j v ^ 2 ) s - 2 /u |D2l "” |2+2 / n 


Vu • Vu 
n v 


|Vu| 2 u 


( 12 ) 


We are left with a term we can estimate with the help of Lemma 13.51 

Jn Jn v 3 

thereby gaining the term which will make the crucial difference in the estimates to come and arriving at 


( / l V ^ 2 ) ^ - 2c o 


|Vu|' 


|Vu| 2 


f Vu•Vu 

/fi 


|Vu| 2 u 


□ 








































If we combine the previous two lemmata, we are led to: 

Lemma 4.7. Let Q C R 2 be a convex, bounded, smooth domain and let a, b > 0, 6 £ (0,1). Then for 
any solution ( u , v ) of m, 


—T a , b (u,v)(t) < 
at 


1 / (x + 2 a + f ) 2 


4a(l — 6) \ 4(1-5) 


a X -a- i 


bc 0 

~T 


|Vi 


-5 


f IM 
In u 


-6 


a u — 


In v 


|V«I 

4 Jn v 


'n 

on (0,T max ). (13) 


Proof. An estimate for ■JifFa,b('a(t),v(t)) is given by the sum of the terms from Lemma |4.5I and Lemma 
14.61 


d .. . /' |Vw | 2 ( „ b 

—Fafiiu, v){t) <~ -h ( % + 2 a + - 

at Jn u \ 


V« • Vv 


2/ Jn v 


~ a X + a + - 


i|Vt 


4 / Jn v 2 


+ a u— a -—cq 


2 b r IVv | 4 b f |Vu | 2 


v 2 J n v 3 4 Jn v 


In order to finally still have some control over f , as required for Lemma 12.61 we retain a small 
portion of this term when applying Young’s inequality: 


|Vu | 2 ( n b 

+ ( X + 2 a + - 


In u 


Vu • Vv 


2/ Jn v 


< (-1 + (i - <y)) 


|Va | 2 (x + 2a +|) 2 f u\V 


’n « 4(1 - S) J a v 2 


so that 


(1 f 

—jF a ,b[u,v){t) <-6 
d t Jn 


\Vu\ 2 i f(x + 2 a+l ) 2 


n u 


+ 


+ a u- a --co 

Jn Jn v 2 Jn v 


4(1 -6) 

2 b f |Vi )| 4 b 

3 “ 4 


ax - a - - 


t|Vu | 2 


4y Jn v 2 

| V «| 2 


By virtue of the presence of — , which originates from the additional summand of the energy 

functional and the preparations of Section [3) we can continue estimating by f n — and 

and still hope for negative coefficients in front of the integrals, in contrast to the situation of Lemma 14.51 

In doing so we keep some part of — for the sake of a later application of Lemma 14.41 and arrive at 


d_ 

df 


Ta.biu, v)(t) <- 5 f + a(l — S) f — + 

Jn u Jn v 


b \2 


1 / (x + 2a + 5) 

MT37) 4(1-8) - a *- a ~4 


[ jVif 

In a 3 


■ 2 b 


+ a u-a —--c 0 

Jn Jn v z Jn v 


| Vw | 4 b 
3 4 


|Vv| s 


which amounts to m- 

Lemma 4.8. Let a > 0, b > 0, \ > 0 be such that 


□ 


b \2 


<fi(a,b;x) ~ 


1 / (x + 2a + | ) 

4a 1 4 


a\-a 


bcp 

2 


< 0 , 


(14) 


and let (u, v ) be a solution of ©■ Then there are k, 6 > 0 and c > 0 such that for any t £ (0, T max ), 

|Va(t)| 2 


(1 f 

—Ta,b(u,v)(t)+riTa,b{u,v){f) + 5 / 

d t Jn 


u(t) 


< c. 
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Proof. By continuity of 


5 H> ip s (a,b;x) ■= 


1 j (% + 2 a + |) 2 b 

4a(T~~J) ( 4(1 — S) - aX ~ a ~4 


bc 0 

~2 


in <5 = 0, for fixed a, b, x, negativity of <p(a,b;x) entails the existence of S > 0 so that ipg(a,b-,x) is 
negative as well. Therefore, by Lemma Td. 71 


df 


T, 


;,b(u,v) + 6 [ 1^1- + s [ — + b [ |V\/u | 2 < a [ u on ( 0 ,T max ). 
Jn u Jn v Jn Jo. 


Since u is constant in time by ([ 8 j, Lemma 14.41 implies the assertion. 

Lemma 4.9. If 

Xo £ |x > 0; there are a > 0 and b > 0 such that (p(a, b ; x) < o| =: M, 


□ 


then 

Proof. Since, for any fixed a > 0, b > 0 

1 


X ^ b\ x) = 


64a 


(0, Xo) C M. 


X 2 + 4a 2 + — + bx + ‘lab — 4a — b ) — 32abcp 


is monotone, for any a > 0, b > 0 

V>{a, b; xo) < 0 implies ip(a, b\ x) < 0 for any 0 < x < Xo- 
Lemma 4.10. There is Xo > 1 such that <p(a, b ; xo) < 0 f or some a > 0, b > 0. 
Proof. Since <p(|, 0,1) = 0 and 


□ 




d ( 1 / b 


b=0 


db \ 32 V 4 


= ir b t + M ~^ c ob 


1 


b—0 


1 ,b 2 b 1 

— (- 1 - b)(- + 1 )-c 0 

16 l 4 A 2 ’ 2 


b=0 


~T< 0 ' 


there is b > 0 such that ip(^,b, 1 ) < 0 and by continuity of ip with respect to %, the assertion follows. □ 

Proof of Theorem \ 1. 11 By Lemma TlTOl there are a, b > 0, xo > 1 such that ip(a,b,xo) < 0 and hence, 
by Lemma IT 7 ]! also ip(a, b , x) < 0 for x £ (0,xo)- An application of Lemma f4.81 thus reveals that for all 
t > 0 


d_ 

df 


Fa,b{u,v)(t) + nT a ,b{u,v)(t) + S / 

Jn 


| Vu|" 


< c 


n u 


(15) 


for some k,6,c > 0. Together with the boundedness of J- a ,b(u, v) from below by Lemma l4.3l il this ensures 
that T a .b{u,v) is bounded so that an integration of (fT5l) also shows the boundedness of _// +1 f n . 
Since JF a ,b{u,v) is bounded, by Lemma 14.31 iil the same holds true for j n u In u and so the conditions of 
Lemma 12.61 are met and Theorem o follows. □ 

Remark 4.11. Assuming cp = > as permitted by Remark I ,V. (A 

-1.1 • 10” 5 « <p(0.49,0.001; 1.015) < 0, 


i.e. xo > 1-015. 


10 















References 


[1] N. Bcllomo, A. Bcllouquid, Y. Tao, and M. Winkler. Toward a mathematical theory of Keller-Segel models 
of pattern formation in biological tissues, preprint. 

[2] P. Biler. Global solutions to some parabolic-elliptic systems of chemotaxis. Adv. Math. Sci. Appl., 9(1):347- 
359, 1999. 

[3] R. Dal Passo, H. Garcke, and G. Grim. On a fourth-order degenerate parabolic equation: Global entropy 
estimates, existence, and qualitative behavior of solutions. SIAM J. Math. Anal., 29(2):321 -342, 1998. 

[4] K. Fujie. Boundedness in a fully parabolic chemotaxis system with singular sensitivity. J. Math. Anal. Appl., 
424(1):675 - 684, 2015. 

[5] K. Fujie, M. Winkler, and T. Yokota. Blow-up prevention by logistic sources in a parabolic-elliptic Keller- 
Segel system with singular sensitivity. Nonlinear Anal. Theory, Meth. Appl., 109(0):56 71, 2014. 

[6] K. Fujie, M. Winkler, and T. Yokota. Boundedness of solutions to parabolic-elliptic Keller-Segel systems 
with signal-dependent sensitivity. Math. Methods Appl. Sci., pages n/a-n/a, 2014. 

[7] T. Hillen and K. J. Painter. A user’s guide to PDE models for chemotaxis. J. Math. Biol., 58(1-2): 183—217, 
2009. 

[8] T. Hillen, K. J. Painter, and M. Winkler. Convergence of a cancer invasion model to a logistic chemotaxis 
model. Math. Models Methods Appl. Sci., 23(1): 165—198, 2013. 

[9] D. Horstmann. From 1970 until present: the Keller-Segel model in chemotaxis and its consequences. I. 
Jahresber. Deutsch. Math.-Verein., 105(3):103-165, 2003. 

[10] D. Horstmann. From 1970 until present: the Keller-Segel model in chemotaxis and its consequences. II. 
Jahresber. Deutsch. Math.-Verein., 106(2):51—69, 2004. 

[11] E. F. Keller and L. A. Segel. Initiation of slime mold aggregation viewed as an instability. J. Theor. Biol., 
26(3):399-415, 1970. 

[12] E. F. Keller and L. A. Segel. Traveling bands of chemotactic bacteria: A theoretical analysis. J. Theor. 
Biol., 30(2):235 - 248, 1971. 

[13] P. Lions. Resolution de problemes elliptiques quasilineaires. Arch. Rational Mech. Anal., 74(4):335-353, 
1980. 

[14] R. Manasevich, Q. H. Phan, and Pli. Souplet. Global existence of solutions for a chemotaxis-type system 
arising in crime modelling. European J. Appl. Math., 24(2):273-296, 2013. 

[15] T. Nagai, T. Senba, and K. Yoshida. Global existence of solutions to the parabolic systems of chemotaxis. 
Surikaisekikenkyusho Kokyuroku, (1009):22-28, 1997. 

[16] L. Nirenberg. On elliptic partial differential equations. Ann. Sc. Norm. Super. Pisa, Sci. Fis. Mat., III. 
Ser., 13:115-162, 1959. 

[17] C. Stinner and M. Winkler. Global weak solutions in a chemotaxis system with large singular sensitivity. 
Nonlinear Anal. Real World Appl., 12(6):3727 - 3740, 2011. 

[18] Y. Tao and M. Winkler. Eventual smoothness and stabilization of large-data solutions in a three-dimensional 
chemotaxis system with consumption of chemoattractant. J. Differential Equations, 252(3):2520-2543, 2012. 

[19] M. Winkler. Aggregation vs. global diffusive behavior in the higher-dimensional Keller-Segel model. J. 
Differential Equations, 248(12):2889-2905, 2010. 

[20] M. Winkler. Global solutions in a fully parabolic chemotaxis system with singular sensitivity. Math. Methods 
Appl. Sci., 34(2): 176-190, 2011. 

[21] M. Winkler. Global large-data solutions in a chemotaxis-(Navier-)Stokes system modeling cellular swimming 
in fluid drops. Comm. Partial Differential Equations, 37(2):319-351, 2012. 


11 



